We investigated the s-number of the modified convolution operator and obtained the following results
This means that the linear operator R ϕ defined by the equality R ϕ (A) = A ϕ is bounded from S p  ,q  to S p  ,q  . Let
Given that the eigenvalues of the operator K * f coincide with the Fourier coefficients of the kernel K with respect to the trigonometric system, in the case p  = p  = q  = q  = p this problem reduces to the well-known problem of Fourier series multipliers. Let K ∈ L  ([, ]) and {a m (K)} m∈Z be the sequence of its Fourier coefficients with respect to the trigonometric system {e π ikx } k∈Z . It is assumed that K is such that {a m (K)} m∈Z ∈ l p ,  ≤ p ≤ ∞. Let T ϕ = {a m (Kϕ)} m∈Z ∈ l p . The problem is to determine conditions on the function ϕ ensuring the boundedness of the operator
This problem was considered in the works of Stechkin 
Main results
Let f be a μ measurable function which takes finite values almost everywhere and let
is a nonincreasing rearrangement of f . We say that a function f belongs to the Lorentz space L p,q if f is measurable and
In the following theorem the cases p = p o = q  , q = p  = q  are considered. The upper and the lower estimates of the norm
where |Q| is the measure of a set Q.
We shall define the class of generalized monotone functions for which the upper and the lower estimates coincide.
We say that function f is a generalized monotone function, if there exists a constant c >  such that for every x ∈ (, ] the inequality
holds. The class of such functions is denoted by N.
In case parameters p  , p  are both either less or greater than , we use the space of smooth functions.
Let  ≤ p < ∞, α > . We denote by B 
This class is called the Nikol'skii-Besov space.
To prove the properties of M p  ,q  p  ,q  class we need the following lemma. We first define a discrete Lorentz space. l pq is called a discrete Lorentz space whose elements are sequences of numbers ξ = {ξ k } ∞ k=∞ with the only limit point  such that
. http://www.journalofinequalitiesandapplications.com/content/2012/1/146 LetX = (X  , X  ), where X  , X  are Banach spaces, be a compatible pair. We define the functional K(t, a) for t >  and a ∈ X  + X  by the following formula:
We denote byX θ,q,k the space {a ∈ X  + X  : a θ,q,k = θ,q (K (t, a) )}, where θ,q is a functional defined on nonnegative functions ϕ by formula
be the spaces obtained by the method of real interpolation of Banach pairs of spaces (
Remark Since the s-numbers of convolution operator A coincide with the modules of the Fourier coefficients of the kernel K , the problem of estimating the s-numbers of "transformed" operator A ϕ can be reduced to the study of the following inequality
and we have to describe the class of those functions ϕ with Fourier coefficients b = {b m } m∈Z , for which Inequality () holds.
where
Proof The proof of the first statement follows from Remark and from the fact that (T ϕ ) * = Tφ , whereφ is a complex conjugate of the function ϕ. Now we prove ().
, and
is bounded. Using () we have
Further, applying the theorem on bilinear interpolation (Lemma ) we find that the operator
for every  < θ < . Eliminating θ from this equation, we obtain that
and the condition  < θ <  implies the condition  < p  < r  < p  < ∞, where
By (), in particular, the following proposition follows. Let  < p < r < p < ∞, 
The spaceX [θ] ,  ≤ θ ≤  consists of all elements a ∈ X  + X  such that a = f (θ ) for some function f ∈ Γ (X). The norm onX [θ] is equal to
In order to prove our main result, we need two lemmas in [].
Lemma  (Bilinear interpolation, the complex method, see []) Let T be a bilinear operator such that
where with the norms B  , B  respectively. Then
Proof of Theorem  First we prove the inequality: Taking s = r, we get
π ikx , then by Parseval's equality we get
i.e., M  = L ∞ . From Lemma , using Parseval's equality we have
Applying the method of complex interpolation (Lemma ), we obtain Inequality (). Now we shall prove the inequality
. Let q  = ∞ and p  be fixed in Inequality (). Taking
Then from Inequality () we have
Using Marcinkiewicz-Calderón interpolation theorem (see [] ), we get
Now we apply Lemma  with fixed parameters r, s and parameters p i  , p i  , i = ,  satisfying () and the inequality of type (). We have:
Since the parameters p Thus, the following inequality holds:
where b = {b m } m∈Z are Fourier coefficients of the function ϕ and
. According to Remark, this inequality is equivalent to the statement of Theorem .
Proof of Theorem 
Let ϕ ∈ M q p and Q be an arbitrary segment in [, ], f  (x) = ⎧ ⎨ ⎩ , x ∈ Q, , x / ∈ Q.
Note that by Boas theorem [] (see also []) we get
Applying Theorem  from [] and using (), we obtain:
Since the interval Q is arbitrary, we get
where constants c and c  depend only on parameters p and q. The proof of obtaining an upper estimate follows from Theorem  and the embedding l p,p → l p,q , for p < q.
Indeed, from Theorem  it follows
Proof of Corollary  Let Q be an arbitrary compact from F. From the condition of generalized monotonicity of the function ϕ we have
Taking into account that Q ∈ F is arbitrary, we have
Thus, from Theorem  we get 
Proof of Theorem 
is also bounded. Thus, for the operator T, the following is true
Then, by Lemma  on bilinear interpolation, we get
. Thus, taking into account Theorem , we will get
. From Minkowski's inequality and Parseval's equality we get
Thus, for the operator T, the following is true
Then, by Lemma  we get [θ] i.e., T is a bounded mapping from
. The arbitrary choice of parameters guarantees the arbitrary of the parameters available in the theorem.
The case  < p  < p  <  follows from the statements proved above and the property where parameters r, α, p  , p  satisfy the following conditions:
Let in () parameter r be fixed. Using Lemma  on bilinear interpolation and taking into account that 
